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Overview

We describe the deep connection between the two fundamental notions of de Rham cohomology and differentiable singular cohomology. We develop relevant sheaf theory and notions of
cohomology, and show the existence of an axiomatic sheaf cohomology theory via sheaf resolutions. The strength of sheaf cohomology theory lies in that we can prove that sheaf cohomology
theories are unique. Furthermore, we determine sheaf resolutions which give rise to sheaf cohomologies that are isomorphic to the classical differentiable singular cohomology and de Rham
cohomology respectively. By uniqueness we assert that the cohomologies are isomorphic, with the principal ideal domain set to the field of real numbers. The de Rham theorem determines
the isomorphism, and we conclude that, though they are concerned with differential forms, the de Rham cohomology groups are topological invariants.

Ideas

As we delve into the smooth and continuous structures
of manifolds there are three core ideas, which we focus
on. These parts amount to
I Axiomatic Sheaf Cohomology Theory.

II Cohomology.

III Connecting singular and de Rham cohomologies.
While it’s entirely possible to reach the desired conclusion
in other ways, there’s merit and insight to be had from
the depths of sheaf theory.

Sheaf Theory I

With the general theory of sheaves, we construct the
desired framework of axioms for sheaf cohomology
theories, H , for manifolds. In short, we capture local
structure by means of the stalks Sm at each pointm ∈ U
in our manifold M .
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A sheaf, S then retrieves global structure.
Sheaf cohomology in general relies on the ideas of short
exact sequences of cochain complexes and maps. An
equivalent diagram chase to the one below is performed
on the level of sheaves.
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Thus the following long exact sequence of cohomology
modules is retrieved.

· · · Hq−1(E∗) Hq(C∗) Hq(D∗) Hq(E∗) Hq+1(C∗) · · ·∂ ∂

Performing an investigation of homomorphisms of sheaf
cohomology theories in turn leads to a canonical
isomorphism of sheaf cohomology modules.

Hq(M,S ) ∼= Hq−1(M,Z1)
∼= Hq−2(M,Z2) ∼= · · · ∼= H1(M,Zq−1)
∼= Γ(Zq)/ im(Γ(Cq−1)) ∼= Hq(Γ(C ∗))

So given a cohomology theory H and a fine resolution

0 K C0 C1 C2 · · ·
of the sheaf S yields isomorphisms
Hq(M,S ) ∼= Hq(Γ(C ∗)) for all q ∈ Z.

Cohomology II

The two classical cohomologies we investigate are the de
Rham cohomology and singular cohomology. The de
Rham cohomology is concerned with the differentiable
structure of a given manifold, whereas the singular
cohomology is concerned with chains of simplixes.
Simplices are of a simple nature, the first four standard
p-simplices are given below.

∆0 ∆1
∆2 ∆3

In short we use the boundary operator ∂ to define
our cobounbary operator d, and reach a singular sheaf
cohomology from the fine torsionless resolution

0 K S 0(M,K) S 1(M,K) S 2(M,K) · · ·d d d

with sheaf homomorphism d. An equivalent resolution
follows for the differentiable case.
One of the main obstacles of the classical singular
cohomology is to assert completeness of our presheaf. In
order to achieve this, we use barycentric subdivision for
a fixed cover U of M on our simplices so that they are
wholly contained in open sets of our cover. Below is
an example of successive subdivision of the standard 2-
simplex.
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We thusly conclude that

Hq
∆(M ;G) ∼= Hq(M, G ) ∼= Hq

∆∞(M ;G).

As for the de Rham cohomology, we need only
understand integration of differential forms ω over
chains, and then expand to differential forms on regular
domains of oriented manifolds. Integration over chains
necessitates consideration of domains.
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This unveils the succint and famed statement that is
Stokes’ Theorem ∫

D

dω =

∫
∂D

ω.

The exterior derivative induces a presheaf
homomorphism, which together with the sheaf of germs
of smooth functions E 0(M) yields the fine torsionless
resolution of the constant sheaf R

0 R E 0(M) E 1(M) E 2(M) · · ·d d d

Consequently we have the canonical isomorphisms

Hq(M,R) ∼= Hq
de R(M).

Connection III

In light of any two sheaf cohomologies theories H and H̃

on M being uniquely isomorphic, we can identify them
with one another, and we write simplyHp(M,S ) for the
pth cohomology group ofM with coefficients in the sheaf
S . For any fine torsionless resolution

0 K C0 C1 C2 · · · ,
we have

Hp(M,S ) = Hp(Γ(C ∗ ⊗ S )).

Taking K to be the field of real numbers R and M a
smooth manifold, it follows that we have isomorphisms

Hp
∆(M ;R) ∼= Hp

∆∞(M ;R) ∼= Hp(M,R) ∼= Hp
de R(M)

of singular, differentiable singular and de Rham
cohomology. We define homomorphisms

kp : Ω
p(M) → Sp∞(M,R)

for each p ∈ N0 by setting

kp(ω)(σ) =

∫
σ

ω

for each p-form ω on M and differentiable singular p-
simplex σ in M . Following Stokes’ theorem for chains,
the homomorphisms kp induce a cochain map

k : Ω∗(M) → S∗
∞(M,R).

Let k∗p : Hp
de R(M) → Hp

∆∞(M,R) be the induced
homomorphism of the cohomology modules. We call k∗p
the de Rham homomorphism. The de Rham theorem
asserts that the homomorphism k∗p is indeed a canonical
isomorphism for each p ∈ Z.

Conclusions

This result expresses a deep connection between the
topological and analytic properties of a smooth manifold,
and plays a central role in differential geometry. If we
have information about the topology of a manifold M
the de Rham theorem may allow us to draw conclusions
about solutions to differential equations such as dη =
ω on M . Conversely, knowledge on such differential
equations, i.e. whether solutions exist or not, tells us
that we can draw conclusions about the topology. The
singular cohomology groups are after all Hp

∆(M ;G) are
topological invariants. Since we have

Hp
∆(M ;R) ∼= Hp

∆∞(M ;R) ∼= Hp
de R(M)

for a smooth manifold M , we conclude the de Rham
cohomology groups are indeed also topological invariants.
This result is remarkable, because the definition of the de
Rham groups ofM is intimately tied up with its smooth
structure, and we had no reason to expect that, under
a homeomorphism, two different differentiable structures
on the same topological manifold should give rise to the
same de Rham cohomology groups.


